Abstract. Kinds of adjustable windows are flexibly applied in digital filter design and spectral analysis. But general description of adjustable windows for any window length are always deficient in time domain and frequency domian. Moreover, there lacks quantitative comparison of spectral characteristics among adjustable windows. In this paper, analytic expressions that suit for any window length were utilized to describe adjustable windows, including the Kaiser, Cosh, Dolph-Chebyshev, Saramäki and other ultraspherical windows. The spectral characteristics of adjustable windows were obtained through numerical computation, and their curves were numerically fitted with simple functions about adjustable parameters. The relative deviations between the computed curves and the fitted ones are normally less than 7 percent. Finally, detail comparison of spectral characteristics among adjustable windows were performed from multi-sides. It shows that the Saramäki window has better overall performance than other adjustable windows by comparing spectral characteristics.
Introduction
Digital windows are widely used for signal spectral analysis and digital filter design. T.Saramäki has categorized windows as fixed or adjustable [1] . Window length is the only alterable parameter for fixed windows, which consist of Rectangula, Triangular, Hamming, Hanning and Blackman window and so on. The Dolph-Chebyshev [2] , Kaiser [3] , Saramäki [4] , ultraspherical [5] and Cosh window [6] all belong to adjustable windows which have other flexible parameters besides window length.
The Dolph-Chebyshev window was first proposed by C.L.Dolph [2] to solve the problem of designing a radio antenna having optimal directional characteristics [7] , it is constructed by using the well-known Chebyshev polynomials. P.Lynch [8] designed a simple optimal filter based on the Dolph-Chebyshev window to modify the initial data for numerical weather prediction models. The Dolph-Chebyshev window has explicit analytic expression [9] and equal side-lobes, but this analytic expression isn't suitable for even window length. Therefore the corresponding expressions [8] of main-lobe width or ripple ratio may also aren't suitable for even window length.
The analog Kaiser window was proposed by Kaiser [3] , and the zeroth-order modified Bessel function of the first kind was suggested to approximate the prolate function [10] whose coefficients are difficult to compute. The resulting window, namely Kaiser window, then closely approximates the prolate spheroidal wave function that provides the greatest concentration of energy at low frequency. Subsequently, the digital Kaiser window was applied in nonrecursive digital filter design [11] and digital spectrum analysis [12] . For digital spectrumanalysis, the digital Kaiser window can be simply obtained from sampling the analog Kaiser window [12] , but the discrete Kaiser window isn't suitable for even window length, either. A more general expression of digital Kaiser window that suit both odd and even window length was described by Oppenheim [13] , but the analytic expression for calculating the spectral characteristic parameters weren't given. Moreover, power series expansions [6] are required in calculating the modified zeroth-order Bessel function which is presented in the expression.of Kaiser window.
International Conference on Manufacturing Science and Engineering (ICMSE 2015) The Saramäki window was introduced by T.Saramäki for designing FIR filters [6] . It provides a better approximation to the discrete prolate functions than Kaiser window, and it also possesses analytic expressions while no power series expansions are required in calculating its coefficients.
The unispherical window based on the orthogonal polynomials known as the Gegenbauer or ultraspherical Polynomials [14] was first discussed by A.G.Deczky [5] . The unispherical window which is also called ultraspherical window has two other parameters besides window length, and other window functions can be approximated by this class window, but the given expression [5] only suits odd window length and it is difficult to compute the window coefficients. An effective method [15] for generating the ultraspherical window was proposed by S.W.A.Bergen and Antoniou, who later proposed a method [16] for designning the ultraspherical window that achieves prescribed spectral characteristics and an efficient method [17] for designing nonrecursive digital filters by using the ultraspherical window. They also illuminated that the Dolph-Chebyshev and Saramaki windows are both particular cases of the ultraspherical window. The coefficients expressions of right-side ultraspherical window [16] can be applied to both Dolph-Chebyshev and Saramaki window with any length, but some iterative algorithm are required for computing these expressions.
The Cosh window based on the cosine hyperbolic function was proposed by AvciK and Nacaroglu [6] who derived this class window by referring to the Kaiser window [3] , as a result, they are similar in time domain representation except that the cosine hyperbolic function is applied instead of the zeroth-order modified Bessel function. The Cosh window has computational cost advantage compared with the Kaiser window due to no power series expansion in computing window coefficients, and it was used to design FIR filters by Harish Kumar, et. al. later [18] . However, the time domain representation of the Cosh window isn't suitable for even window length and there are less analytic expressions for calculating the spectral characteristics.
Besides, though performance comparison between different windows for FIR filter design and spectral analysis are familiar in many literatures [19] [20] [21] , comparative study on the performance of spectral characteristics particularly among adjustable windows are always scattered and qualitative, such as, the Saramäki window provides a better approximation to the discrete prolate functions when compared with Kaiser window [4] ; The ultraspherical window can achieve different side-lobe patterns while others can not [16] ; The Kaiser window has better side-lobe roll-off than the Saramäki and Dolph-Chebyshev windows [6] ; The Cosh window provides better side-lobe roll-off ratio characteristic for the same window length and normalized width when compared with Kaiser window [6] . However, clearer and quantitative comparison is lacking. To provide more details to the researchers who may be interested in adjustable windows, this paper will draw a comparison on spectral characteristics among adjustable windows. The main work is organized as three parts: (1)The Section Two is to describe adjustable windows with analytic expressions suitable for any window length; (2)The Section Three is to compute and to fit the spectral characteristics of adjustable windows through numerical experiments; (3)The Section Four is to compare the spectral characteristics of adjustable windows.
General description of adjustable windows
The Kaiser and Cosh window. An analytic expression of the Kaiser window [13] for any window length is shown as:
where N is the window length, M = (N -1)/2 , and k is the adjustable parameter, and I 0 [x] is the zeroth-order modified Bessel function of the first kind which can be described by the power series expansion as
Generally, the total power series expansion was approximated to the sum of part power series for finite computation cost. From Eq.(1) , an analytic expression of the Cosh window for any window length is suggested as:
where α c is the adjustable parameter, and cosh (x) is the cosine hyperbolic function. The ultraspherical, Dolph-Chebyshev, Saramäki window. An analytic expression of the right-sided ultraspherical window [17] for any window length is shown as: 
The independent parameter χ μ can be calculated:
where ,
, which is estimated through some iterative algorithm [16] , is the largest zero point of the ultraspherical polynomial 
Computation and fits of spectral characteristics
The Kaiser window with length N = 11 and adjustable parameter k 1.1 α= is taken as an example to illuminate some spectral characteristics parameters.
The spectral characteristics of window consist of main-lobe width, ripple ratio, side-lobe roll-off ratio, etc. The main-lobe width, which is denoted as
, is usually defined as the interval between angular frequency 0 ω − and 0 ω + where the main-lobe of amplitude spectrums decrease to zero [12] .
The ripple ratio is defined as the ratio of the maximum amplitude of side-lobes( the first side-lobes in Fig.1 ) to the amplitude of main-lobe, and it is denoted as r, or in the form of ()
The side-lobe roll-off ratio is defined as ratio of the amplitude. of the furthest side-lobe to that of the first side-lobe, and it is denoted as s or in the form of
Besides, a new parameter is defined as the ratio of the main-lobe energy to whole bands energy in this paper for observing how close a window approximates to the discrete prolate functions,
Namely it is the ratio of energy concentrating in 0 ωω ≤ to total energy in ωπ ≤ , or in the form of ( ) 10lg Qq = , and ( ) j We ω is the Fourier transform of window coefficients. Obviously, the larger ratio q is given, the closer approximation to the discrete prolate functions will be achieved. The coefficients and their Fourier transform are computed through numerical experiments, and the frequency interval is set 0.0001π for calculating ( ) were computed with MATLAB 7.8.0 according to Eq.(1-2), then the Fourier transforms and the spectral characteristics were calculated respectively. We set the interval of parameter k α as 0.1 for computing coefficients of all the windows, and the total power series expansion was approximate to the sum of 70 orders power series. The black curve that the product of main-lobe width B k and parameter M versus the adjustable parameter k α for every window length N is shown in Fig.2 , and the black curve that the ripple ratio versus the adjustable parameter k is shown in Fig.3 . There are 498 black curves both in Fig.2 and Fig.3 . 
The relative deviation between the spectral characteristics computed with Eq.(12-13) and ones obtained by experiments decrease rapidly when N < 67, and they are less than 9% ± for N < 67 while less than 2% every window length N is also shown in Fig.2 , and the red curve that the ripple ratio R c versus the adjustable parameter c α is also shown in Fig.3 . The red curve that the side-lobe roll-off ratio S c versus N for every c α is shown in Fig.5 . 
For any window length N and adjustable parameter c α , the relative deviation between R c and the fitted one is less than 6.8637%. It is interesting that the upper bound of S c is almost the same as the one of S k , so the upper bound S c , up can be also fitted with the upper bound S k , up , which is shown as a blue curve.
And, the main-lobe energy ratio can be fitted with α , the relative deviation between q c and the fitted one is less than 0.5473%, and the blue fitted curve is plotted in Fig.6 .
Ultraspherical window.
For a fixed N and a prescribed side-lobe roll-off ratio S , one can select the parameter µ appropriately. To generate an ultraspherical window with µ and N fixed and a prescribed main-lobe half width of 0 ω , one can select the parameter x µ or appropriately. To generate an ultraspherical window with µ and N fixed and a prescribed ripple ratio R, one can select the parameter x µ appropriately [16] . In other words, the side-lobe roll-off ratio S may be determined by the window length N and parameter µ , and both the main-lobe width B and ripple ratio R may be determined by the window length N, parameter µ and β . As the side-lobe roll-off ratio S relates to µ and N except β , we computed the coefficients of all ultraspherical windows with parameters 15512 N ≤≤ and 110 µ −<≤ according to Eq.(4) in the condition of β = 1. The bound of µ is suggested by S.W.A. Bergen [16] and the interval of µ was set as 0.01. The curves of the side-lobe roll-off ratio versus the adjustable parameter µ for N = 16, N = 32 and N = 48 are shown in Fig.7 .
In fact, the curve of the side-lobe roll-off ratio versus the adjustable parameter µ for every N can be fitted with function of a(N), b(N), c(N) and d(N Both the main-lobe width B and ripple ratio R are relate to the window length N, parameter µ and β simultaneously. As a result, the computation cost of B and R with different N, µ and β is huge, and it is difficult to fit the experiment data of B and R with functions of three variables N, µ and β . So we only try to obtain the main-lobe width B and ripple ratio R of ultraspherical window at some special cases, such as µ = 0, µ = 1 and µ = 2. As we know, the Dolph-Chebyshev and Saramäki window are special cases of ultraspherical window with parameter µ = 0 and µ = 1 respectively. 
The expressions equal the following expressions:
The relative deviation between Rd and the fitted one is less than Saramäki window. Experiments were performed on the Saramäki window in the same way as the Dolph-Chebyshev window, and others parameters were fixed except that the parameter µ was set µ = 1. The red curve that the product of main-lobe width B s and parameter N versus the for every N is shown in Fig.8 , and the red curve that the ripple ratio R s versus is shown in Fig.9 . The fitted expressions for the main-lobe width of Saramäki window are given as: (30) For any N and β , the relative deviation between q s and the fitted one is less than 0.2337%. Ultraspherical window(μ=2). Experiments were performed on the ultraspherical window(μ= 2) in the same way, and others parameters were fixed except setting μ= 2. The blue curve that the product of main-lobe width B u2 and parameter N versus for every N is shown in Fig.8 , and the blue curve that the ripple ratio R u2 versus is shown in Fig.9 . The fitted expressions for B u2 is given as:
(31) For any N and β , the relative deviation between B u2 and the fitted one is less than 1.2208%, and the ripple ratio R u2 can be approximated with a linear function for large N. 
For any 32 N ≥ and , the relative deviation between R u2 and the fitted one is less than 6.5430%. The main-lobe energy ratio q u2 can be approximated with ( ) For any N and β , the relative deviation between q u2 and the fitted one is less than 3.4360%, and it becomes less than 1% for
Comparisons of spectral characteristics
In to spectrum analysis, the main-lobe width determines the ability to resolve adjacent spectral lines, and the ripple ratio determines the leakage or interaction between spectral lines [12] . For beamforming applications, higher side-lobe roll-off ratio means better performance of rejecting far end interferences [6] . In the application of FIR filter design, the main-lobe width mainly determines the transition band of filter, and the ripple ratio and side-lobe roll-off ratio commonly determine the ripple and stopband attenuation. Windows with narrow main-lobe, low ripple-ratio and low side-lobe roll-off ratio are expected generally in applications. The performance of spectral characteristics for kinds of adjustable windows were shown by comparisons. main-lobe width versus ripple ratio. The experiment results show that the main-lobe width decreases when the ripple ratio or window length increases for all adjustable windows. The fitted expressions of these curves that the main-lobe width versus the ripple ratio are given as follows. and R u2 , the relative deviation between B u2 and the fitted one is less than 5.9722%. It is found that B d < B s < B k < B c < B u2 if given a fixed window length and a fixed ripple ratio. The curves of mainlobe width versus ripple ratio of adjustable windows for a fixed window length N=63 is shown in Fig.11,   Fig. 11 . B vs R of adjustable windows Fig. 12 . S vs R of adjustable windows for the fixed N=63 for the fixed N=63 Fig.12 However, the upper bound of S k and S c are certain for every N, and it is found that the S d , S s and S u2 are independent with ripple ratio for fixed window length. The S d , S s , S u2 as well as the upper bound of S k and S c for every N are shown in Figure. 13.
As shown in Fig13, the curve of S s versus N are almost the same as the ones of the upper bound of S k and S c , and the relative deviations among them is less than 0.001% . Besides, we can find there is S u2 < S s < S d for any fixed N.
main-lobe energy ratio versus main-lobe width. The main-lobe energy ratio has positive correlation with the main-lobe width, and the former gets to one as the latter increases. An example is shown in Fig.14 . For any fixed window length and main-lobe width, the main-lobe energy ratio can be fitted as the following. For Kaiser windows, The relative deviation between q c and the fitted one is less than 3.5956% for any parameter M (or N) and B c , and it becomes less than 1% for B c > 1rad/s. For Dolph-Chebyshev windows, 
The relative deviation between q s and the fitted one is less than 1.2566% for any parameter N and Bs. For ultraspherial windows( The relative deviation between q u2 and the fitted one is less than 5.2706% for any N and B u2 , For any fixed N and main-lobe width, it is found that q s and q c are almost the same as the q k , which means the Saramäki and Cosh are like to the Kaiser windows that they both closely approximate to the prolate spheroidal wave function. Besides, there is q d < q u2 < q s , and the Dolph-Chebyshev windows are obviously not close to the prolate spheroidal wave function. Windows with N = 63 are taken as examples in Fig.14 , where, the black curve, red curve and green curve almost overlap, and the relative deviations among them is less than 0.01%.
Conclusion
Analytic expressions which are suitable for any window length were adopted to compute the coefficients of adjustable windows including the Kaiser, Cosh, Dolph-Chebyshev, Saramäki and other ultraspherical windows. Well fits of the curves that the main-lobe width, ripple ratio, side-lobe roll-off ratio and main-lobe energy ratio versus corresponding adjustable parameters were performed. Furthermore, the curves that main-lobe width versus ripple ratio, side-lobe roll-off ratio versus ripple ratio and main-lobe energy ratio versus main-lobe width were fitted. The relative deviations between these spectral characteristics and the fitted ones are normally less than $7\%$. In conclusion, some result were obtained through comparison:
1) The main-lobe widths of adjustable windows satisfy B d < B s < B k < Bc< B u2 in condition with same window length and ripple ratio.
2) The side-lobe roll-off ratios of adjustable windows satisfy S u2 < S s < S d = 0dB and S s ≈S c,up ≈S k,up in condition with same window length and ripple ratio, and the relative deviations among S s , S c,up , and S k,up is less than 0.001% which means S k , S c < S s < 0 dB. But the order of S c , S k and S u2 is uncertain.
3) The main-lobe energy ratio of adjustable windows satisfy 0 < q d < q u2 < q s < 1 and q s ≈ q c ≈ q k in condition with same window length and main-lobe width. The relative deviations among q s , q c , and q k is less than 0.01% which means the Saramaki and Cosh window are both close to the prolate spheroidal wave function like the Kaiser window.
From above, it is found that the Saramaki window has better overall performance than other adjustable windows through comparing those spectral characteristics. The work in this paper may be helpful for some researchers who need choosing adjustable windows in signal spectral analysis, digital filter design and other occasions.
